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Shaping Optimal Design of Elastic Planar Frames
with Frequency Constraints

D. Dinevski,* M. M. Oblak," and M. Kegljf'
University of Maribor, 2000 Maribor, Slovenia

An approach to shaping optimal design of planar frames subject to eigenfrequency constraints, displacement
constraints, and stress constraints simultaneously is described. The eigenfrequency constraints may be imposed at
the deformed (due to the static load) configuration of the structure. For the shape representation of the structure,
a design element technique is used. A frame structure is treated as assembled from several design elements, each
of them being defined as a Bézier curve. The design variables may influence the position and the shape of each
design element, plus the cross-sectional properties of beam elements. The optimal design problem is defined in a
general form, and its solution, by employing gradient-based methods of mathematical programming, is discussed
briefly. The structural response analysis is based on a nonlinear model that can handle virtually arbitrary large
structural displacements. Two numerical examples illustrate the theory.

Nomenclature

area of the cross section

shear area of the cross section

vector of design variables

centroid curve

elastic modulus of the material

vector of internal forces
eigenfrequencies

shear modulus of the material
constrained quantitites

moment of inertia of the cross section
stiffness matrix

mass matrix

Lagrange interpolation polynomial
external distributed force per unit length
position vector of a control point

vector of external forces

position vector

vector of structural displacements
vector of structural response variables
external distributed force per unit length
shear strain

extensional strain

eigenvalues

angle of inclination at the undeformed configuration
eigenvector

angle of rotation
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I. Introduction

N the past decade, the development of modern technologies and

computer-aided manufacturing emphasized the significance of
shape optimal design. An attractive foundation for general shape
design proceduresis offered by modern numerical methods such as
the finite element method. Theoretically, there seem to be no difficul-
ties because the finite element method is a common and general tool
for structural analysis and because the structural shape can be quite
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arbitrarily described by adequate finite elements and nodal layout.
However, this is surely incorrect because the introduction of shape
optimal design sets some special requirements for finite elements.
Generally, a finite element should not be sensitive to distortion of
its undeformed shape. If this is not the case, difficulties emerge, and
to maintain the integrity of the finite element mesh throughout the
design process, an automatic mesh generator must be resorted to
frequently during the shape optimal design process.

Inrecentyears much researchhas beendonein the developmentof
beam finite elements. The main source of difficulties encounteredby
the researchersseems to be a consequenceof the general syndrome,
the field inconsistency' of the discretized strain fields. This leads to
phenomenasuch as poor convergence, spurious strains/stresses, and
several different kinds of locking. In an optimal design procedure,
therefore, it is advantageous to employ a field-consistent element,
for example, the beam element family proposed by Saje.2* These
elements do not suffer from any kind of locking, and the order of
integration can be arbitrarily adjusted to assure the desired accu-
racy. Moreover, the efficiency and accuracy of these elements are
excellent.

Much has been published concerning the field of optimal design
of frame structures. Most of these publications deal with optimal
design problems where only the sizing parameters, such as the ar-
eas of the cross section of individual frame members, are employed
as design variables *~° Shape optimal design problems are less fre-
quently addressed. The field of shape optimization comprises sev-
eral various classes of problems including variable cross-sectional
properties along frame members, variableinitial curvature of frame
members, variable position of nodes including the supported ones,
variable support conditions, and variable topology of the structure.
Authors often address these problems separately, which results in
special-purpose procedures applicable only in particular cases. For
example,in Ref. 10, the problem of variablenodal positions of natu-
ral frequency-constrainal frames is considered;in Ref. 11, stability
and vibration-constraired frames and beams with variable position
and stiffness of elastic hinges are discussed;in Ref. 12, topological
optimization of skeletal structures is addressed; in Ref. 13, lateral
buckling-constrainedbeams with variable supportlocations are dis-
cussed;and in Ref. 14, compliance-constrainal beams with variable
location of an additional supportis considered. Although, in some
papers, for example, Ref. 15, some of the problem classes are ad-
dressed simultaneously, there are, to the authors’ knowledge, no
papers except Ref. 16 addressing simultaneously variable cross-
sectional properties, variable initial curvature of frame members,
and variable positionof supportedand free nodes of frame structures
thatare allowed to undergolarge nodal displacementsand rotations.

In the present paper, the efficiency of the approach described in
Ref. 16 is extended to the domain of dynamics in the sense that ad-
ditional frequency constraints can be imposed to the structure. Note
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that the solutions presented here enable dealing with frequency-
constrainedoptimization of deformed (statically loaded) structures.

The design problemis defined in a form of a nonlinear problemof
mathematical programming. The usual iterative solution technique
is used by employing our own optimizer.!”-!8

II. Design Problem Formulation

Let the vectorb € R assemble N, design variables,each of them
representing an independent parameter that may be varied to alter
the shape of the structure. The shape optimal design problem may,
in this case, be formulated in the form of a nonlinear problem P of
mathematical programming:

minhg, ]’l[ SO, 1 Sl < Nh (1)
where N, is the number of imposed constraints. The objective func-
tion value hy = hy (b, v) is often defined as the volume of the struc-
ture, whereas the constrained quantities /; = h; (b, v) usually con-
cern the nodal displacements and rotations, element strains, natural
frequencies,design variablelimits, technologicallimitations, and so
on. The symbolv € R™ is the vector of structuralresponse variables
(where the frame structure is assumed to be discretized by the finite
element method)and N, is their number. In the presentcase, the vec-

tor of response variablesis v=[u*, A, ..., )LN“]T, where u® € RV«
is the vector of structural displacements and A,, ..., Ay, are the
eigenvalues related to the structural eigenfrequencies f;, ..., fw,
by 27 f; = +/Ai.

In problem P, the design variables have to be consideredas inde-
pendent variables and the response variables as the dependent ones.
The dependence of v on b is given implicitly by two equations. The
first is the static structural response (equilibrium) equation

FF-R =0 ©)

where F¥ =F*(b,u’) € R" and R* =R*(b, u’) € R are the vec-
tors of internal and external forces, respectively. Here, it will be as-
sumed thatexternally appliedloads are constantand of the fixed type
and that the supports are not elastic. Therefore, the vector of exter-
nal forces does not depend on v so that R* = R* (b) € R, The static
case with elastic and skew-sliding supports is covered in Ref. 19.
The second equation is given by the usual eigenvalue problem

|K* = 2,M |, =0 3)

where K* = K* (b, u') is the tangential stiffness matrix, M* = M* (b)
is the mass matrix, A; is the jth eigenvalue, and ¢; is the corre-
sponding eigenvector.

When it is assumed that all design variables are continuous, the
problem P can usually be most efficiently solved by employing
gradient-based methods of mathematical programming, for exam-
ple, recursive quadratic programming or approximation methods.
Commonly, the procedure is as follows'®: The solution b* of P is
obtained as a limit of a sequence of approximate solutions {b”},

i=1,2,3,.... By this approach, b¥ has to be chosen, whereas
b +7Y is the solution of P representingsome approximationof P
at the point bV,

The task of building up and solving P® is commonly done by
the optimizer. To do this, the optimizer needs to be supplied with /;
anddh, /db,0 <i < N, calculatedath®. Usually, this can be easily
done once v and dv/db are calculated at 5. The vector v at o) is
calculatedfrom the responseequations given earlier, whereas dv/db
at b can be calculated from the sensitivity equations presented in
the design sensitivity section.

III. Shape Representation of a Frame Structure

To parameterize the shape of the structure, the design element
technique'® is employed. In this way, the number of design variables
is kept at minimum, and the structural integrity can be fulfilled
automatically throughoutthe iterative design process.

A design element may in general consist of any number of finite
elements,andit may representa whole structureor any partofit. The
shape of each design element is defined by a planar Bézier curve,
and the coordinates of the control points may be taken as design
variables.

Combining the described approach with the beam element pro-
posed in Refs. 2, 3, and 16, the shape of the jth beam belonging to
the ith design element is completely specified by

ri=rib,1),

L )
o7 <r=<d

A; = A;(b), Ay = Ay (D), I; = I;(b) “4)
where r; € R? is the position vector of a generic point lying on the
centroid curve of the beamand A;, A,;, and I; are the area, the shear
area, and the moment of inertia of the cross section, respectively.
The cross-sectional quantities are assumed to be constant along the
beam. The real parametersc; ~' =&/ ~' (b) and ¢/ = &/ (b) determine
the position and the length of the centroid curve of the beam and
tel0, 1].

To simplify the final equations, an independent variable s is
introduced.! The variable s € [0, 1] determines the position along
the centroid curve of the element, which makes the (previously in-
dependent) parameter ¢ a dependent parameter by

t= (C[j—c‘[j_l)s—}—c[j_l (&)

When this relationship is taken into account, the shape of the
centroid curve of the jth beam finite element belonging to the ith
design element is given as

rl =rl(b,s), 0<s<1 (6)

Let us focus on the definition of ;. In most practical applications,
itis advantageousif we have direct control over the positions of both
endpoints of the centroid curve C; of the ith design element. Direct
controlmeans that the shape of C; canbe varied independentlyof the
positions of these two points. This requirement can be fulfilled by
expressingr; in terms of a finite number of control points?® including
both endpointsand by employing appropriateblending functions?2°

Letg] € R*, 1 < j < M, be the position vector of a control point
influencing the position and the shape of C;. Now we need appro-
priate blending functions such that the curve C; will start at ¢} and
end at qu,- . Additionally, C; should follow approximately and with-
out excessive oscillations the defining polygon®® with M; — 1 spans
determined by the control points. Blending functions that fulfill
all of these requirements are the Bézier blending polynomials (see
Ref. 20).

Figure 1 is an example of a defining polygon determined by
four control points and a corresponding Bézier curve, as well as
a curve obtained by employing Lagrange interpolation polynomials
as blending functions. The curve obtained by employing Lagrange
interpolation polynomials benefits from that it passes through all
control points. However, it oscillates too much. In the context of
shape optimal design, this would cause an unstable and annoying
design process with questionable results.

Based on the preceding discussion, let ; be given by

Mi
ri=Y_ Bu,0q )

j=1

where By, ; is a Bézier blending polynomial. When all or some of
the componentsof ¢/ (1 < j < M) are taken as the design variables,
so that

9 =q'® ®)

Fig. 1 Lagrange and Bézier
polynomials employed as blending
functions: ----, defining polygon;
——, Bézier; and - - -, Lagrange.
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t=1

Fig.2 Shape representation of C;.

definition (4) offers large flexibility in controlling the position and
the shape of C; (Fig. 2). Note that more or less flexibility of C;
can be assured by simply increasing or decreasing the number of
control points. In doing so, we do not need to worry about whether
the shape of the curve in the engineering sense will remain real-
istic throughout the design process. The curve will never exhibit
excessive oscillations, and it will always be contained within the
convex hul?° of the defining polygon, the largest convex polygon
obtainable with the defining polygon vertices.

IV. Static Response Analysis

Static analysis is performed by solving the equilibrium
equation (2). The usualiterative Newton method is employed, which
means that in each iteration one has to calculate F* and 0F* /ou®.
The vector F* and the matrix dF*/du’ are assembled from the cor-
responding element vectors and matrices.

For the reasons discussed in detail in Ref. 16, the highly accu-
rate and initially curved beam finite element proposed by Saje?
is selected in this work, and its governing equations are slightly
modified'® to fit nicely into the presented shape representation
concept.

The beam finite element under considerationhas L = L (b) nodes,
andits responseis completely described by the followingn =m + 6
scalar variables: four nodal displacements u,, ..., uy of both end
nodes, m nodal rotations us, . .., U,, ; 4, and two Lagrange multipli-
ers (Refs.2and3) u, _, and u,,. For clarity, let the displacementsand
rotations of both end nodes be termed the external degrees of free-
dom (DOF). All otherresponse variables are considered as element
internal DOF. Let the elementresponse variablesbe the components
of the vectoru =u(b) € R".

The rotation field is approximated by employing polynomial in-
terpolation so that the angle of rotation ¢ = ¢ (u, s) € R at an arbi-
trary pointis expressed as

¢=ipzuz+4 9)

i=1

where P; = P;(s) and P; is the Lagrange interpolation polynomial.

The total angle of inclination of the normal to the cross section,
measured with respect to the base vector e,, can in that case be
expressed as ¢ = ¢y + ¢, where ¢, is the angle of inclination at the
undeformed configuration. This angle is given by

@0 =% (b,5), €) (10

where the prime denotes differentiation with respect to s. It follows
thatp =@(b, u, s).

The extensional strain € = (b, u, s) € R of the centroid axis and
the shear strain y =y (b, u, s) € R along the element are given by

{1c0sp — §rsing —{ising — §cosg
& = —, y = (1)

AE A,G

where E and G are the elastic and shear modulus of the material,
respectively. The quantities ¢; € R and ¢, € R are expressed as

S =y —/ pe b, IIr (b, q)l dg
0

LH=u, +/ Py, QN (b, q) dg (12)
0

where the quantities p, = p, (b, s) and p, = p, (b, s) represent ex-
ternal distributed forces per unit length of the centroid curve.

The element internal forces F), ..., F, can now be written as
1
Fi=—-u,_y, F, =u,, F3=”n—1—/ prwds
0
1
Fy=—u, —/ pywds (13)
0

1 1
/P./
E+4=/{E1L} ds+/ [AEye — A,Gy(1+¢) — p.JwP; ds
0 w 0
1<i<m (14)
1
F,_ = —/ [ +e)cosep — ysinplwds — uy +u; + x, — x4
0

1 (15)
Fn=/ [(1+e)sing0+}/cosg0]wds+u2—u4+yl—ym (16)
0

where [x; y]" =r(,0) and [x,, y.]" =r(, 1) are the coordi-
nates of both end nodes of the beam, p.= p.(b, s) are external
distributed moments per unit length of the centroid curve, and
w=w(b,s)=|r].

Note that the last two components of F are kinematic quantities
rather than forces. Consequently, the matrix dF /du can not be re-
garded as a tangential stiffness matrix in the conventional sense.
This fact, however, does not change anything in the usual finite el-
ement procedures because dF /du is still symmetric and nothing
needs to be altered in the structural assemblage process. Further-
more, the considerationsregarding the regularity of a conventional
tangential stiffness matrix are also valid for the matrix dF /du. On
the other hand, in the eigenvalue problem formulation, we need the
conventionalstiffness matrix. For this purpose the internal DOF are
eliminated numerically.

The nonzero derivatives of element internal forces, with respect
to the element response variables, can be written as

0F) F, dF5 oF,

=1, =1, —=1 —1
ou, _ ou, ou, _ ou,
(17
oF, oF, oF, oF,
—_— =1, —_— =1, =1, — =1
ou, ous ou, ouy
(18)
and, for5<j <n,
dF; ! P/ 3¢’ 9
i =/ 22 3 g 4G +e)
ou; 0 w ou; ou;
e .
+a—y(AE—ASG) wh; )ds, 1<i<m (19)
uj
F,,_l_ 'T 8¢ 1+ )ago .
o, = Nk cos & ou, sing
a a
——ysingo—y—gocosgo wds (20)
ou; ou;
Fy /1 %% sing+ (1 + &)L
—= —sin g&)——cos
Buj 0 Buj ¥ auj ¥
a a
+—VCOSg0—}/—¢Sing0 wds 2n
Buj auj
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where, for 5 < j <n —2, it follows that

a ¢’
_¢=Pj—4, izp{_4
ou; ou; /
de  —Aising —Aycosg dg
du; AE du;
8_}/ _ —Aicosg + A, singoa_go 22)
auj AYG Buj
a ¢’
@ =0’ ¢ =
aMn—l aMn—l
ade cos a —sin
== - @)
ou, _ AE ou, _ A, G
a ¢’
¢ _o. Y _o
ou, ou,,
ae _ —singo’ 8_y _ Cosg 24)
Bu,, AE aun AYG

V. Eigenfrequency Response Analysis

The natural frequencies of the structure are obtained as a part of
the solution of the eigenvalue problem (3). For this purpose, one
needs the matrices K* and M*. These matrices are assembled from
the corresponding element matrices K and M.

Mass Matrix
Unfortunately, it is not possible to derive a consistent mass ma-

trix for the employed beam element. This fact is due to the spe-
cific formulation of the element where only the rotation field is
approximated >3 Therefore, the idea was to find some other mass
matrix that would give good results when combined with the pro-
posed element. Thus several mass matrix concepts* =2 were stud-
ied, and the results of the calculated eigenvalues were compared to
the analytical solutions. Finally, the choice was made for the ma-
trix proposed by Stavrinidis et al.?* In that work, the higher-order
approach is used where it is assumed that the stiffness and mass
matrices may be expanded in series as

(K1=|Ko+ 22K+ - |, IM]=|My+2*My+ - | (25)
By keeping only the first two terms, one obtains a quadratic eigen-
problem of the form

| Ko — 2My — 2> (M — Ky) |0, =0 (26)

When the first- and the second-ordereigenvalue problems are com-
pared,itis possibleto derive a mass matrix for the first-orderproblem
that contains the effects of the second-orderparts. The details of this
procedure are given in Ref. 23. Assuming a six-DOF beam element
(two displacements and one rotation for each of both end nodes),
the final form of the matrix is

(140 0 0 70 0 0 —|
0 163 255L 0 47 —9.5L
yo PAL| 0 25SL7SLE 0 95L 3L
4201 70 0 0 140 0 0
0 47 95L 0 163 —25.5L
L 0 -95L —3L> 0 —255L 7.5L> J
27

where L = L(b) is the element length. Note that the mass per unit
length pA and the flexural rigidity EI are assumed to be constant
along the beam. This is the reason for dropping in Eq. (4) the de-
pendency of cross-sectional quantities on the parameter s of the
element. Additionally, note that the preceding matrix was derived
for a prismatic slender beam.

Stiffness Matrix

As already mentioned, the employed beam element has more
DOF than it is assumed by the employed mass matrix. To be more
precise, the element internal DOF need to be eliminated to make K
and M a matching couple. Employing the usual matrix condensation
technique, one can proceed as follows. When it is assumed that the
inertial forces corresponding to internal DOF are negligible, the
basic modal equation (without damping) can be written as

0 0 ﬁint N K[i K[e uint 0 (28)
0o M e K¢ Ke e - 0
where K[i — aFint/auint, K[e — aFint/auext, Kei — aFext/auint, and
K¢ =93F* /0u®'. Here, the superscripts int and ext are quantities

corresponding to internal and external DOF, respectively. By elim-
inating u™ from Eq. (28), one can derive

Mii™ + [K* — K9 (K') "' K*Ju™ = 0 (29)
wherefrom it follows that
K = K* — K (K")"'K'* (30)
The inversion of the matrix K’ has to be done numerically.

VI. Design Sensitivity Analysis
The design sensitivity analysis comprises the design derivatives

calculation of both the static response variables du*/db and the
eigenvaluesdA,/db, dA,/db, ....

Design Derivatives of Static Response Variables
The common sensitivity equation

du?® (an>_l<dRs aFY)

—=|— —_——— 31

db ou’ db ob
is derived by differentiatingthe responseequation(2) withrespectto
b andrearrangingthe terms. Here, the matrix (3F° /3u*)~! isalready
known from the response analysis. The matrix dR* /db is nonzero
if the externally applied nodal loads are design dependent. How-
ever, because R is more precisely defined only in a specific design
problem, no further instructions can be offered. Finally, the matrix
dF* /0b is obtained by assembling the element matrices 0F /db. The
nonzero elements of dF/db can be written as

aF 3F. 3 F. ' dp, d
Lo, P_, _3=_/<Lw+px_w>ds
0

9b ab ab db db
oF, /1 Pt p, ) (32)
_—— —_—w yv— | ds
ob AT
IFi 4 /‘ pR(dl Tdw)] +/‘ dw
—— —_——— —— S —
b ), |"w\db wadb ;a7
AGy(1+e¢) ]+dAE dA‘YG (1+¢)
sGy 3 pP: b wye b wy &

dp:

0Ys
—w+ a—};[AEwe — AGw(l +¢)]

9
+a—Z[wy(AE—ASG)]}P[ ds, l<i<m (33)

b

1
/ e (1 + &) si ¢
— — COSQp — g)sSme-—
, \ap -7 “ob

dx m dx 1

db db

oF, _, ! . dw
_— [(1+¢€)cose — y singp]——ds
0 db

Iy . %
——sing — ycosgo—b)w ds —

ob a (34)
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9F, 1[(1+ sing + ]dwd
_—= £) sin COS —As
™ i ¢ +ycospl—

"o . g
+ —sing + (1 +¢)cosp—
o \0b

ob
a a d d m
+a—Zcosg0—ysingoa—:>wds+%—% 35)
where
de A COSQ — Ay sing dA 1 [ 0x L
—=———— 4+ —| —cos¢ — Ay singpg—
ob EA? db  EA\ 0b ob
9%2 Ging — 2 0¢ (36)
— ——sing — A, cOSgp—
ob T

1. dg
—sing — A cosp—

0 Alsingo—}—)»zcosgodAS_}_ 1 (EM

ob GA? &b | GA,\ b ob
9%, + iy sing? (37)
— — COS siIngY—m—
ap OS¢ TSIy
a)‘-1 : dp\'
2 L+ p—=)d
ob /U ( @ P db) g
Oy / LA (38)
— —_— V_
v J, V" TP )M
g 1 ,dy’ dx’
9 _ LA
b x2+y2\" db b
dw 1 dx’ dy’ N
—_— =+ y =), [x y]¥ =7®,s)
db 12 + 12 ( db db )
Ve (39)

Design Derivatives of Eigenfrequencies

When it is assumed that all structural eigenfrequenciesare single
(nonrepetead), the design derivatives may be obtained as follows.*
By taking the design derivative of the eigenvalue equation (3), one

obtains
LS KA LSV L Py Y A T RIS
ob T Tp T ap P M T P ob
If the symmetry of the mass matrix is consideredand the eigenvec-
tors are normalized with respect to the mass matrix, the eigenvalue
derivative may be expressed from Eq. (40) as

0 _ (0K o "
LA A WAL,

where thematricesdM* /9b;,i =1, ..., N, areassembledfrom cor-
respondingelementmatrices M /9b; thatcanbe calculatedstraight-
forwardly. Similarly, the matrices 0K* /0b;, i =1, ..., N, are as-
sembled from corresponding element matrices

oK _ a[Kee _Kei(K[i)—lK[e]
ab; b

(42)

To calculate these matrices, one needs the element matrices
02F /ou’ 3b;. These can be expressed analytically by differentiating
Eqgs. (17-21). The expressions for the particular design derivatives
are very expansive, and for this reason they are not presented here.
They are listed in Ref. 25.

VII. Examples

To illustratethe theory, two minimal volume design problems will
be considered. A 6-node beam element with 10 Gauss integration
points and the described®® mass matrix formulation are used in both
examples. Both design problems have been solved by employing
the subroutine AMOPT."”

\
E3
(7]
=

Ay
N
————————————————— o —»I‘— t.
1

Fig.3 Cantilevered beam.
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o—r = | ‘
2,00 \ |
0 1 2 3 4 5 6 7

Iteration number

Fig. 4 Iteration history.

Cantilever Beam Cross-Section Optimization

This example represents a rather conventional design problem
already consideredin Refs. 4 and 26. Here, this problemis addressed
to compare the results of the proposed approach with the results
given in cited references. For the sake of clarity, the original units
used in the references are written in parentheses.

The cantilever beam consideredis shown in Fig. 3. The length of
each section is 0.508 m (20 in.), and the depth is 0.1524 m (6 in.).
The beam is symmetric about the midplane and supports three non-
structural masses of 13.608 kg (30 Ib) each. Young’s modulus is
E =71020 MPa (10.3 x 10° psi), Poisson’s ratio is 0.3, and the
density is p =2768 kg - m~3 (0.1 pci).

The design variables are the flange areas A;, A,, and A3 and
the web thickness , 1,, and #;. The initial designis b; , 3 = A; 53 =
6.453 x 10*m? (1.0in.2)and by 56 =123 =2.54 x 107> m (0.1in.).
Lower bounds are A'%},=6.452x10"° m? (0.01 in?) and
1%, =2.54 x 107> m (0.001 in.).

The design problem is formulated as follows: Find such val-
ues of the design variables that, while minimizing the volume of
the structure, the fundamental frequency will not be smaller than
fv =20 Hz.

Mathematically this can be written as

3 1

min p ) ( f A®)Ir o dr) (43)

i=1 0
subject to constraints

f®,w) — f* <0,

by, bs,bg > 2.54E — 5 (44)

by, by, by > 6.452E — 6

Ascanbe seen from the iterationhistory in Fig. 4, a near-optimum
design is reached in the sixth iteration. The optimization results are
listed in Table 1, together with the cited ones.

The optimal weight (objective function value) is equal to that
from Refs. 4 and 26. One can conclude that the presented method
was in this case more efficient than the approach of Ref. 26 and
comparable to the approach of Ref. 4.

Shape Optimization of a Simple Bridge Structure
The second example concerns a shape design problem of a sim-
ple eight-element bridge structure shown in Fig. 5. The problem
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Table1 Optimization results for the cantilever beam

Parameter Value Ref. 4 Ref. 26
Weight, kg 2.63 2.63 2.63
Frequency, Hz 20.00 20.00 20.00
Ay, m? 5.39E—-04 5.37E—04 5.30E—-04
Ay, m? 2.97E—-04 2.93E—-04 2.98E—-04
Az, m? 9.73E-05 9.74E—05 8.71E—-05
t, m 2.64E—-05 2.54E—05 1.52E—-04
t, m 2.64E—-05 2.54E—05 1.52E—-04
t3, m 2.64E—-05 2.54E—05 1.27E-04
F F
1@ 2 [2 3 Bl 4
£Y) 5]
] £ -
5 8
! 200 cm | 200 cm 200 cm !

Fig. 5 Simple bridge structure.

was already considered in Ref. 16, where only the nodal displace-
ments were constrained. Here, the same problem is extended by
adding it the fundamental frequency constraint. The fundamen-
tal frequency corresponding to the starting design in Ref. 16 is
13.42 rad/s, whereas at the optimum design it is 12.32 rad/s. In the
present example, the fundamental frequency is limited to 14 rad/s
to make sure that the frequency constraint will be active at the op-
timum.

The materialdataof the structureare as follows: E = 210,000MPa
and G =81,000 MPa. The cross-sectional quantities for all ele-
ments are constant: A =20 cm?, A, =4cm?, and I =350 cm*. At
nodes 2 and 3, the structure is loaded in the vertical direction with
F =500,000 N.

The position and the shape of elements 1, 2, and 3 are not de-
sign dependent and are kept fixed during the design process. The
rest of the structure, however, depends on four design variables
bj, 1 <j<4. These design variables influence the position and
the shape of the first three design elements (DE). DEI consists of
beams 6-8; DE2 of beam 4; DE3 of beam 5; and DE4 of beams 1-3.

The design variables b; and b5 influence the horizontal and the
vertical positionsof the control points g2 and ¢3. The design variable
b, influences the vertical position of the control points ¢} and ¢
whereas b, influences the position of the nodes 6 and 7 along DE1.

The shape of DEL1 is defined by

4
r = ZBM(I)Q{,

j=1

ql =[-300— b,]"

qf =[-b — b3]T, q? =[b, — b3]T
qt =[300—b,]" (45)
and the shapes of DE2 and DE3 by
r2=ZBz.j(1)qé, r3=ZBz.j(1)lI§
j=1 j=1

@ =h(b ),

q32 =r (b, cf), cf =0.5— by,

g, =[—100 07, ¢\ =1100 0]"

& =05+b, (46)

where B;; (¢) is the Bernsteinpolynomial (see Ref. 27) and 7 € [0, 1].
The shape of DE4 does not depend on b and is given by

ry = [(600f —300) 0]" (47)

Now we can define the design problem as follows: Find such values
ofthedesignvariablesO < by, b,, b3 <300,and0 < b, <0.5,sothat,
while minimizing the volume of the structure, verticaldisplacements
v, and v; of the nodes 2 and 3, respectively, will not be greater than

v"PP =5 cm and the fundamental frequency will not be smaller than
f°% =14 rad/s. We can write

4
minA Yy (/nr;(b, 5 dt) (48)
i= 0

subject to constraints
v (b, 'u) — v <0,
f®w) — f* <0,
0<b,<05 (49)

v3(b,’u) — " <0

0 < by,b,,b5 <300

The optimization results are given in Table 2. Compared to the
initial structure, the optimized one exhibits a reduced volume by
7%, reduced vertical displacements by 16% at nodes 2 and 3, and
the first natural frequency increased for 4.3%. Figure 6 shows all
three structures.

The objective function (total volume) values, the first natural fre-
quency and the design variables for all the iterations are listed in
Table 3.

The example illustrates the principle of the proposed shape opti-
mization technique and its efficacy. The optimum design is reached
in only seven iterations.

Table 2 Bridge design problem-results

Optimized; Optimized with

Parameter Initial Ref. 16 constrained frequency
by 200.00 76.24 141.80

by 100.00 86.24 77.86

b3 50.00 0.00 0.00

by 0.2500 0.1954 0.2010

V2, U3 5.891 5.000 5.000
Fundamental 13.42 12.32 14.00

frequency, rad/s
Volume, cm? 28,408 25,685 26,019

Table 3 Iteration history

Volume, Frequency,
Iteration cm? rad/s by by b3 by

0 28408.00  13.42  200.000 100.000 50.000 0.250
1 27628.00  14.58 195.400 81.780 21.400 0.241
2 26295.00  14.40 166.700  90.250 0.827 0.193
3 25973.00  13.83 138.200 66.840 0.000 0.209
4 25988.00  13.87 149.900 82.050 0.099 0.192
5 25994.00  13.94 139.400 76.880 0.000 0.201
6 26009.00  13.91 140.700  77.900 0.379 0.201
7 26019.00  14.00 141.800 77.860 0.000 0.201
a)

b)

c)

Fig. 6 Structures: a) initial shape, b) optimized without constrained
frequency,'® and c) optimized with constrained frequency.
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VIII. Summary

An approach to shape optimal design of elastic planar frames
with frequency constraints was proposed. A kinematically nonlin-
ear beam element was employed that can handle almost arbitrary
large displacements and rotations. The design element technique
also proved to be a high-quality shape representationconcept when
frequency constraints are imposed on the structure. The definition
of the design element by using a Bézier curve is very convenient
because it considerably reduces the number of necessary design
variables.

The inertial forcesrepresentationby the mass matrix, chosenfrom
the literature, proved to give very accurate results for the natural fre-
quencies when combined with the stiffness matrix of the employed
beam element. Because analytical formulas for the design deriva-
tives may be derived, the design sensitivity analysisis very efficient.

The numerical examples show that the optimization process it-
self is comparable to the previously proposed approaches. How-
ever, the presented approachcan cover a wider scope of engineering
problems.
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